INTRODUCTION
The definition of quality descriptors and the procedures for their determination are crucial for the quality assessment of optical beams [1, 2] . To this aim, the moments of the Wigner Distribution Function (WDF), which describe optical fields in any state of spatial coherence [3] , are growing in importance [4] [5] [6] [7] [8] .
The existence of geometrical moments for any type of beam profiles is definitive for the development of general applications. In particular, the moments of order higher than the second of hard-edge diffracted beams will diverge, in such a way that the quality descriptors cannot be defined. However, some solutions to this limitation have been yet reported [4] .
In such a way, from a general point of view low order moments of the WDF specify the optical axis and the principal axes of the field distribution. They are determined by setting to zero the first-order moments and the cross second-order moment respectively. Once the principal axes are determined, the second-order moments will be a measure of the width and the angular divergence of the beam along these axes [1] .
Second-order moments of the WDF allow defining the beam quality factor Q, which takes its minimum value for a Gaussian beam. So, the ratio between the Q value of an arbitrary beam and that for a Gaussian one, usually denoted by Μ 2 , is a measure of the relative far-field spreading of the arbitrary beam relative to an ideal Gaussian beam with the same waist [1] .
Third-order moments account for the symmetry of the field distribution and the spatial range of the beam's symmetry; and fourth-order moments yield to the definition of the kurtosis, which provides a quantitative measure for beam classification according to their sharpness. A one-dimensional beam is leptokurtic, mesokurtic or platykurtic if this parameter is higher, equal or lower than 3 respectively, which is the value for a pure one-dimensional Gaussian beam [1] . Higher order moments are also used for describing fine details of the field distribution, but their interpretation is usually difficult. Now, we want to discuss alternative procedures to determine quality descriptors of optical beams based on centered reduced moments. In this paper we mainly concern with the characterization of beam spots, i.e. the power distribution of the beam on a plane orthogonal to its propagation axis. This quantity can be obtained by evaluating the corresponding WDF at individual points of the plane [9, 10] .
With this aim, we introduce the associated density functions [11] [12] [13] , whose first and second order moments can be expressed as combinations of the higher order moments of the spot power distribution. So, a well-defined interpretation can be done to these combinations instead of individual moments, in terms of coordinates of the centre of mass of the associated density functions and the length and orientation of these main axes. This interpretation deals to quantitative descriptors of the spot features.
CENTRED REDUCED MOMENTS
The geometrical moments of a two-dimensional density function p(x, y') are defined as [11] [12] [13] 
with τη,η=0,1,2,... There are m+n+I moments of order m+n. The normalization of the density function is described by its moment of zero-order, i.e. M m = 1, and the coordinates of its centre of mass by the first order moments, i.e. (x'} = M 10 and (y') = M 01 .
It is usual to refer the higher-order moments to the centre of mass of the density function by applying the shift transformation x f -> x f -(x'} and y r --> y'-(y'). As a consequence, the firstorder moments are set to zero and the higher-order moments will be called centred moments [11] [12] [13] .
Density functions of practical interest (i.e. normalized power distributions of a beam spot) usually decay in such a way that their significant values are taken inside a finite region, which is called the support of the density function. It is essentially determined by the detector noise in many applications, because the very low values of the density function outside its support will be always smaller than the noise level of the detector and cannot be recorded. Thus, the support edge can be determined by locally analysing the signal-to-noise ratio of the recorded power distribution.
In general, p(x,y) can be considered as a function of finite support and its values outside the support can be set to zero.
Reduced moments are useful for describing density functions with finite support. They are obtained / / χ y by scaling the (x',y') coordinates to the reduced coordinates χ --and y = -, with 2A and 25 A B the side lengths of the support along the x-and the y-axis respectively. Thus, equation (1) there, in such a way that the higher the moments order the greater the size of this region. As a consequence, the noise impact on the calculation of the moments significantly increases with the order of the moments. Therefore, noise suppression is a essential issue for an accurate determination of the moments, as we discuss below.
CHARACTERISATION OF A BEAM SPOT
Let us consider the power distribution at the frequency ω of the beam spot at the plane P, i.e.
]]Sp(x,y;co)dxdy P fulfils the axioms of the two dimensional density functions, i.e. it is a normalized and positive definite function, which decay to null outside a finite region around the propagation axis. So, pp(x,y',G)) is the density function related to the considered beam spot, whose reduced moments will be obtained by replacing them into equation (2) after the appropriate scaling of its support.
As expected, y m = 1 and the first-order moments determine the position of the centre of mass of the spot, i.e. [(Λ;), (y)J«-» (y 10 , y 01 ). The remaining spot features are determined by recalculating the moments with respect to the centre of mass of the spot, i.e. by replacing x m -» (χ -y 10 )" and y" -> (y -y 0 i)" with m,n>\ in the integral of moments. Thus, these quantities will be the centred reduced moments of the spot. In the following we will refer only to this type of moments by assuming their coordinates implicitly centred and reduced.
The principal axes of the beam spot and its lengths will be specified by the second order moments, after setting y u to zero by properly rotating the coordinate axes on the plane by the angle [11] [12] [13] θ ρ = -arctan Now, the spot eccentricity is a descriptor of stigmatism of the beam. It is given by E p provided α < b. So, the spot will be ideally stigmatic (i.e. circular symmetric) for a -b and astigmatic otherwise. However, regarding a departure of 5% between the lengths of the principal axes as permissible, we will have 0 < E p < 0.3 for stigmatic spots and E p > 0.3 for astigmatic ones.
The four moments of third order are related to the symmetry of the corresponding spot around its centre of mass, and the five of fourth order describe the kurtosis of the spot. Although higher order moments are related to finer detail of the spots, their interpretation as descriptors of specific features is usually difficult.
However, it is possible to overcome this limitation by introducing associated density functions [11] [12] [13] , which are defined as
with 9=0,1,2..., and C q a normalization constant. Table 1 shows the associated density functions up to the fifth-order. In these functions it is apparent that C~l results from a proper linear combination of y-moments of 2<?-order.
The factor (x 2 + y 2 J 9 denote a set of revolution surfaces, which take the value null at the centre of mass of the spot for g=l,2,... Furthermore, their values in a vicinity of the propagation axis are significantly small. The higher the value of q, the bigger the vicinity size. In addition, \x 2 + y 2 ] q -\. at the edge of the spot support as is shown in Figure 1 .
In other words, V P '(x,y,Q)) will increase a specific fraction of p p (x,y,0)), outside of a vicinity of its centre of mass, as Figure 2 shows. This fraction can be characterised by only the first-and second-order moments of Vp (Λ, y;i
y,(o)dxdy
with ; + k = 1,2 and <?=0,1,2,... The moments γ(γ are interpreted in the usual fashion, that is, γ$ = 1 denotes the normalization of
V^(x,y,(o), ψ$Ύ$)
wil1 be tne coordinates of its centre of mass, and γ'$ and γ'^ will define its principal axes after the rotation given by the condition γ-fi-O, i.e. by the angle in equation (4) .
But the most important property of the moments Yj k is that they can be expressed as linear combinations of higher order moments y^ , as exemplified in Differently expressed, all the associated density functions will exhibit even symmetry (i.e. they will be rotation symmetric, concentric and their principal axes will be respectively parallel and parallel to the coordinate axes) as shown in Figure 2 .
Asymmetries in the spot deal to non-null values for ' and/or 7 . Shifts of the centres of mass of the associated density functions with respect to the centre of mass of the spot will be revealed by non-null values of y}<, and/or yj, . Non-null eccentricities will be given if y^ ^ yâ nd axes rotations if symmetric spot.
Φ Ο . Figure 3 shows the associated density function for a non-rotation On the other hand, it is important to note that the moments γ q k for a given q only depend on specific sets of moments y mn . Except for the constant C q , the first-order moments y^, and γ^'
will depend on the y-moments of order 2#+l, and the second-order ones y^, y^' and y^* will depend on the y-moments of order 2(^+1). It means that the fraction of the beam spot enhanced by each associated density function will be analyzed by using separated sets of higher-order moments. In this sense, different V p 9 '(x, y,(0) will be characterised by independent descriptors.
A further important descriptor is the power fraction corresponding to each associated density function. Specifically, the power fraction for Vp(x,y,(o) will be contained within the elliptical crown delimited by the main axes (a (<H) ,£
) and (a (q) ,b (q} ), with (α (~ι \^~^)^ (θ,θ) for q = 0, as shown in Figure 4 . Thus the power percent will be given by The spot analysis can be considered complete within an error of 5% when the power fraction contained within the most external ellipse is at least the 95% of the total power. The associated function corresponding to this ellipse will determine the highest-order moments which are needed to completely characterize the spot.
4.

SIMULATION RESULTS
For the simulations we have considered two spots, i.e. one of them rotation symmetrical (Gaussian) and the other asymmetrical as depicted in Figures 2 and 3 for q=0. Two features of recorded spots are crucial for calculating the centred reduce moments accurately, and should be properly treated before to perform it. They are the noise suppression and the scaling of the spot to adequately match the integration domain, i.e. the domain of the (x 2 + y 2 J functions.
Usually, spots are recorded in presence of low power additive noise, mainly thermal noise of the detector, as exemplified in Figure 5 for the Gaussian spot. Although information about spot features is still recognizable in Vp (x, y,(O), its moments γ^ should be strong influenced by the enhanced noise. Now, the higher the value of q the stronger the noise enhancement, so that for q> 1 noise will be predominant over the spot information in Vp(x,y,0)}. Consequently, the values of the moments yy k ' will mainly refer to the noise distribution.
Therefore, noise suppression must be performed prior to the calculation of the moments. This type of background noise can be effectively suppressed by conventional histogram clipping and offset restore as explaining in References 12 and 13. The results are shown in Fig. 2 . For spots that spread out the region [-l,l]x[-l,l], the curve does not raise the asymptotical approach, whilst jump-like curves are obtained by very narrow spots. An optimal matching will be obtained when the curve ends at the beginning of the asymptotical approach ( Figure 6 ). It can be reasonably estimated from the first derivative of the curve.
Indeed, this derivative exhibits an absolute maximum and a relatively fast decay after the maximum. The beginning of the asymptotical approach of the curve can be regarded at the point where the first derivative has decayed to the 1% of its maximum value. This point of the domain of the encircled energy curve will determine the side length of the spot support with the best matching to the region [-l,l]x [-l,l] ( Figure 6 ). After performing the best matching, useful associated density functions can be accurately determined, as illustrated in Figures 2 and 3 . Table 3 shows the moments of the associated density functions in these figures.
As expected, Y$=Y$=Q for both spots, and γ$ = γ$=γ(ρ = ο and γ$ =γ$ for the Gaussian spot. So, the centres of mass of all the associated density functions of the Gaussian spot will be located at the coordinate origin, and that their corresponding main axes will be parallel to each other and parallel to the coordinate axes. Furthermore, the condition γ^ = γ^ points out that the main axes of each associated density function are of the same length so that the corresponding eccentricity will be equal to null. These results are in complete correspondence to the rotation symmetry of the Gaussian spot. The above analyse are confirmed by the spot descriptors in Table 4 . The values of all the descriptors are smaller than one because they are referred to the dimensionless region [-l,l]x[-l,lj. Scale factors are needed to express them in the appropriate units in practical applications. Taking into account that the total energy content is normalized to 1, the encircled energy values can be interpreted as percent values. According to the asymptotic behaviour of the encircled energy, the hihgher the value of q the smaller the value of its increment. Furthermore, according to the regarded error (5%) in the encircled energy, the analysis of the Gaussian spot can be considered complete. However, an additional associated density function (<?=6) should be considered to complete the analysis of the non-rotation symmetrical spot, because up to q=5 only 88.5% of the total energy can be analyzed.
The pairs of numbers in parenthesis denote the (x,y) components of the C-Vectors, which describe the shifting of the centre of mass of each associated density function with respect to the centre of mass of the spot density. As expected, all the C-Vectors will be of null length for the Gaussian spot, whilst for the non-rotation symmetrical spot, they will have values bigger than null. Now, according to the condition we regarded before, if the length of the C-Vector is greater than 0.05956, the non-rotation symmetrical spot should be coma-like distorted. It is the case for all Vp(x,yiCO) with q>l, which exhibits in general a strong distortion. However, although the associated density functions are progressively distorted, the more significant coma-like distortion occurs for q=l. Indeed, about 60% of the total energy is mainly affected for a C-Vector of length 0.2480. The distortion for q=2 will be corresponding to a length increase of 0.0945 of the C-Vector and affects the additional encircled energy, i.e. 16.94% of the total energy. For q=3 the length increase of the C-Vector is 0.0754. It affects an additional encircled energy of 5.57%, on so on.
As expected for the Gaussian spot, all the eccentricities are equal to null, i.e. this spot is stigmatic. For the non-rotation symmetrical spot, the eccentricities are bigger than 0.3 for q > 1. That means that this spot is astigmatic. Nevertheless, it should be a non-severe astigmatism because about 60% of the total energy is distributed onto an ellipse, whose principal axes only differ in 5.58%. This distortion increases significantly with the value of q, but affects smaller additional encircled energy.
Summarizing, the non-rotation symmetrical spot we analysed as example exhibits a relative strong coma-like distortion but a relative soft astigmatism-like distortion.
CONCLUSION
We have shown a method for exhaustively analyzing beam spots. It is based on the central reduced moments of the spot. Specific combinations of higher order moments can be interpreted as center of mass coordinates and length and orientations of the principal axis of associated density functions.
These functions allow us to separately analyze specific spot fractions. So, the descriptors of the associated density functions deal to the quantitative estimation of spot features, such coma-like and astigmatism-like distortions for example.
To assure high accuracy, background noise suppression and an optimal match of the spot support onto the region [-l,l]x [-l,l] must be performed prior to the calculation of the moments.
